Introduction and statement of main result
In this paper we study the decay of the singular values of a class of compact pseudo-differential operators on L 2 (R n ). We deal with linear operators of the form a → W a is the so-called Weyl quantization. At first one considers symbols, say, in the Schwartz space S(R 2n ); then one sees that the mapping (1.2) extends to the temperate distributions S (R 2n ) and takes values in the space of all linear continuous mappings S(R n ) → S (R n ). Moreover, when the symbols are smooth functions satisfying convenient growth estimates at infinity, a complete symbolic calculus is available for the corresponding operators, see e.g. Hörmander's book [9] , Chapter XVIII.
We are interested in conditions on the Weyl symbol a which ensure that W a is a compact operator in L 2 (R n ) with a prescribed asymptotics for its singular values, i.e. it belongs to a given Schatten-von Neumann class.
Recall that the singular values s j (A), j = 1, 2, . . . of a compact operator A on a Hilbert space H are the eigenvalues of |A| := (A * A) 1/2 .
A compact operator A on H is in the Schatten-von Neumann class S p (H), with 1 p < ∞, if the sequence of its singular values is in p . S p (H) is a Banach algebra with respect to the norm
The elements of S 2 (X) are the Hilbert-Schmidt operators, while S 1 (X) is the algebra of trace class operators. One also set S ∞ (H) = K(H), the ideal of compact operators on H in the algebra of bounded operators B(H), with the usual norm. We refer to Simon [14] , Schatten [12] , for the basic theory of these Banach algebras.
As it is well-known (see for example Folland [3] ), we have
More in general, by complex interpolation, we have a well defined continuous mapping (see [10] )
. In fact, already in the case p = ∞, it is easily seen that for the bounded symbol a(
If we instead require L ∞ -bounds for a and its derivatives, then W a becomes bounded on L 2 (R n ), as established by the celebrated Calderón-Vaillancourt Theorem. Similarly, if the symbol with a certain number of its derivatives are in
, the corresponding operator is shown to be trace class, see Robert [13] , Theorem (II-53), and Toft [17] , where more general properties of Schatten-von Neumann operators in the point of view of the Weyl calculus are given.
A variety of other sufficient conditions can be found in the papers by Hörman-der [7, 8] , Daubechies [2] , Heil, Ramanathan and Topiwala [6] , Gröchenig and Heil [5] , where techniques from Gabor Analysis and modulation spaces are employed, as well. In this connection, Gröchenig's book [4] is considered a reference work concerning analysing pseudo-differential operators in terms of time-frequency analysis. Related problems in [5] and [6] have also been considered by Sjöstrand [16] , using methods which are more close to "traditional" approaches in pseudo-differential calculus.
In this paper we find necessary and sufficient conditions so that W a ∈ S p (L 2 ), when a is a symbol in Hörmander classes S(m, g), we describe below: refer to [9] , Chapter XVIII and [8] for further details.
We employ the following notation. Given two functions f, g : X → R,
An admissible metric is a measurable function g : (x, ξ) → g x,ξ of R 2n into the set of positive definite quadratic forms on R 2n , which is slowly varying, σ-temperate, and satisfies the uncertainty principle.
A g-weight is a positive measurable function m : R 2n → R + , which is gcontinuous and (σ, g)-temperate.
We say that a smooth function a :
where |a|
We denote by S(m, g) the class of all symbols of weight m and metric g. S(m, g) is a Frechét space with respect to the seminorms:
Whenever a ∈ S(m, g), the operator W a is continuous on the Schwartz class S(R n ), and has a continuous extension to the tempered distributions
where g σ is the dual quadratic form:
with respect to the standard symplectic form
. We say that the metric g satisfies the strong uncertainty principle if there exists a positive constant δ such that
Our result is the following 
where
We prove this theorem in section 3.
When p = 1 the implication " =⇒ " in (1.3) has been already proved by Hörmander ( [7] , Theorem 3.9) under more general assumptions.
After submission of the manuscript for publication in the ISAAC Proceedings, Toft [18] informed us that he obtained the equivalence (1.3) for every p by interpolation, without assuming the strong uncertainty principle. However, we think that our approach has still some interest because it is simple and natural.
Hypoelliptic symbols and complex powers
We present a definition of hypoelliptic symbol which generalizes the one given by Tulovskiǐ and Shubin in [19] :
(ii) there exists a g-weight m 0 such that
When m 0 = m we say that the symbol a is g-elliptic. We denote by HS(m, m 0 ; g) the class of g-hypoelliptic symbols belonging to S(m, g) and satisfying (2.2).
It is easily seen that the sums and (pointwise) products of hypoelliptic symbols are in turn hypoelliptic. We emphasize that in Definition 2.1 we do not require a to be slowly varying or temperate.
In the sequel, we need the following composition theorem which is proved in [9] , (Theorem 18.5.4):
such that
for all N ∈ N, where {a, b} 0 = ab, and
Furthermore we have the following technical result, see [1] for the proof.
Lemma 2.3. Given two smooth functions
we have
An important property of hypoelliptic symbols is that they possess an approximate parametrix, when a big power of h is small compared to m 0 /m: Proposition 2.4. Consider a g-hypoelliptic symbol a ∈ HS(m, m 0 ; g) and assume there exists N 0 ∈ N such that
Then for all N ∈ N there exists a symbol q = q N ∈ S(m
Moreover for all k ∈ N we have
where R is a positive constant such that the estimates (2.1) and (2.2) are satisfied.
Proof. The proof is a slight generalization of an argument due to Hörmander ([7] , Lemma 3.1). Let χ : R 2n → R be a smooth non negative function such that
From the estimate (18.4.4) of [9] , for all k ∈ Z + we have
which, by hypoellipticity, implies for all k ∈ N:
and h is a g-weight, from Lemma 2.3, Theorem 2.2, and (2.4) we obtain Then from Theorem 2.2 and (2.9) we have
Therefore, from Lemma 2.3 and Theorem 2.2 for all k, j ∈ N we obtain (2.11)
From the estimate (2.11) we have (2.6) and q ∈ S(m
When h is small enough, we can show that hypoelliptic operators have essentially only one closed extension: Theorem 2.5. Consider a g-hypoelliptic symbol a ∈ HS(m, m 0 ; g) and assume there exists N 0 ∈ N such that
Then the minimal and the maximal extension of
Proof. The proof is a slight generalization of an argument due to Hörmander. Denote by W a the extension of W a to S (R n ). We have to show that for any
Thanks to Theorem 2.4 there exists q ∈ S(m
Using the partition of unity associated to the metric g in Lemma 18.4.4 of [9] , one constructs a sequence of symbols χ j ∈ S(R 2n ) which is bounded in S(1, g) and converges to 1 in the C ∞ topology. Then we set u j = W χ j u.
We have that u j ∈ S(R n ), because χ j ∈ S(R 2n ). From the definition of r we have
Thanks to Theorem 2.2 and Lemma 2.3, for all k ∈ N there exists l k , l k ∈ N, l k l k , such that we have the estimates:
It follows that sup
Moreover from (2.12) and Theorem 2.2 we have also
for all j ∈ Z + . This means that the sequences a#χ j #q and a#χ j #r belong to a bounded set in S (1, g ). Finally, from Theorem 18.5.4 of [9] we have that a#χ j #q and a#χ j #r converge pointwise to a#q and a#r.
The last part of the proof is dependent of the following lemma, due to Hörmander ( [7] , Lemma 3.3):
End of the proof of Theorem 2.5. From Lemma 2.6 we obtain that
Corollary 2.7. Under the same hypotheses of Theorem 2.5 we have that Wā is the adjoint of W a . In particular W a is self-adjoint iff a is real-valued.
Now we recall from [1] and [11] some results on complex powers of a nonnegative operator. (ii) sup
For example, when X is a Hilbert space, A is non-negative if
Set C + := z ∈ C : Re z > 0 and
The proof of Proposition 2.9 and Theorem 2.11 below are given in [11] .
(vi) For all u ∈ D(A n ), with n ∈ Z + , the mapping
is analytic in the strip z ∈ C : 0 < Re z < n .
Assume now that A is the closure in L 2 (R n ) of a pseudo-differential operator W a and is non-negative. Next theorem shows that under suitable hypotheses W a z is pseudo-differential. 
Im a
Then for all z ∈ C + there exists a g-hypoelliptic symbol
Proof. We give some indications on the proof of this theorem. Details will appear in [1] . First we show that for all λ > 0 the operator W a + λ : S(R n ) → S(R n ) has a continuous inverse which is a g-hypoelliptic pseudo-differential operator with Weyl symbolã λ such that for all k, l ∈ N we have the estimate
Then we define
where k is an integer greater than Re z > 0 and we show that the left-hand side is independent of k and the definiton of a #z is consistent with the definition of a #k = a# · · · #a by composition.
Integration of (2.15) yiels (2.14). Because h(x, ξ) → 0 as |x|+|ξ| → ∞, (2.14) implies in particular that a #z is a g-hypoelliptic symbol. In order to complete the proof, it remains to show that (2.16)
It suffices to prove this identity on S. But then (2.16) becomes
for all k > Re z > 0, all u ∈ S and all x ∈ R n . Now a #z is the (pointwise) limit of a sequence of Riemann sums
which are bounded in S(h −N , g) for a large N . This implies that the Riemann sums
converge to W a #z u(x). Because we know that (2.18) coverge also to the right-hand side of (2.17), the proof is complete.
Proof of Theorem 1.1
First we prove a version of Theorem 1.1 for hypoelliptic operators: 
Proof. From Corollary 2.7 we have that the operator WāW a is essentially selfadjoint and its closure is non-negative. Moreover, the symbol a is hypoelliptic andā #a = |a| 2 + b and let a ∈ S(m, g). We have to show that W a ∈ S p (L 2 ). By linearity we may assume that a is real and non-negative. Moreover, by hypothesis we know that |m + a| Thusm + a is g-elliptic and therefore, by Proposition 3.1, Wm +a ∈ S p (L 2 ), form + a ∈ L p (R 2n ). Since Wm ∈ S p , it follows that
This concludes the proof of Theorem 1.1.
Notice that in the proof of Theorem 1.1 we did not apply Proposition 3.1 in its full generality, but only for symbols which are g-elliptic. On the other hand, Proposition 3.1 seems interesting in its own right, because the hypoelliptic symbol a ∈ L p (R 2n ) is not assumed to belong to a class S(m, g) associated with a weight m in L p (R 2n ).
